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Abstract
We clarify the relationship between basic constructions of semi-abelian category theory and the theory
of ideals and clots in universal algebra. To name a few results in this frame, which establish connections
between hitherto separated subjects, 0-regularity in universal algebra corresponds to the requirement that
regular epimorphisms are normal; we describe clots in categorical terms and show that ideals are images of
clots under regular epimorphisms; we show that the relationship between internal precrossed modules and
internal reflexive graphs extends the relationship between compatible reflexive binary relations and clots.
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Starting from Mac Lane’s paper [ML1], the story of elementary exactness axioms that re-
flect the properties of groups, rings and algebras as nicely as the abelian-category axioms do
for abelian groups and modules leads to semi-abelian categories in the sense of [JMT]—which
are defined as pointed Barr exact Bourn protomodular categories with finite coproducts (the
terminology is recalled in Section 1 below). Barr exactness and Bourn protomodularity are
elegant and powerful advanced-categorical notions, and it is amazing that these conditions to-
gether turned out to be equivalent to various old-style lists of axioms involving only normal
epi- and monomorphisms but no regular epimorphisms (not even known at that time) and no
pullbacks at all. Those old axioms are very technical and it is hard to call them elegant, but
there are long sequences of interesting investigations into several branches of non-commutative
algebra, from homological algebra to the general theory of radicals, behind them. In simple
words, OLD = NEW provided by [JMT] is the Happy End to the story of non-abelian exactness
axioms.
In the present article we describe another amazing connection—with investigations in uni-
versal algebra, carried out independently for over forty (!) years, no one ever realizing that they
are closely related with the (old-style) categorical attempts. A common opinion during all these
years would be that “groups have normal subgroups different from all subgroups, rings have
ideals, morphisms in (some) categories have kernels and cokernels, and universal algebras have
congruences. . .”; but nobody has really tried to compare how category-theorists handle the dif-
ference between regular and normal epimorphisms and how universal-algebraists handle the
difference between congruences and ideals. Moreover, most category-theorists have never heard
of ideals in universal algebra, and most universal-algebraists have never heard of normal or reg-
ular epimorphisms in category theory.
Before describing the structure of the paper, let us briefly explain what we mean by “over
forty years of investigations in universal algebra.” In fact, this is a special topic, to be called the
theory of ideals. Already J. Słomin´ski [S] (and he is not the first!) writes about congruences being
determined by a constant, which essentially means to be determined by the equivalence class of
that constant, and about having terms which, in fact, are “binary versions” of the ones involved in
the definition of BIT speciale in [U2] (see below). Various other authors, including K. Fichtner
[F1,F2] and E. Beutler [Be], provide a better understanding of the well-behavior of 0-classes
and, independently, R. Magari proposes to A. Ursini—a student of his—to study what he calls
ideals. Magari’s ideals are not defined as 0-classes of congruences, and the varieties in which
they coincide with the latter are called ideal determined (or BIT, reflecting the Italian term buona
teoria degli ideali). Presently, the theory of ideals studies several important classes of varieties
of universal algebras mostly defined in terms of various properties of ideals, and translates those
properties into so-called Mal’cev conditions. A survey of some aspects of the topic appears in the
recent book by I. Chajda, G. Eigenthaler, and H. Länger [CEL]. Ursini’s notion of a clot will also
play an important part in our paper since it helps to study the connection with congruences and it
also offers a good link to the categorical approach. Note that, in the case of groups with multiple
operators in the sense of P.J. Higgins [H], ideals and clots are the same as ordinary ideals. Note
also that the theory of ideals has nice applications in commutator theory, which we, however, are
not going to consider in this paper.
Our Section 1 begins with the definition of a semi-abelian category, and recalls
the first surprise briefly mentioned in [BouJ2]: semi-abelian varieties have, in fact, been
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which refers to [U2]).
Section 2 explains how the categorical relation regular versus normal corresponds to 0-
regularity in universal algebra.
In Section 3 we look at ideals and clots in universal algebra studied previously by the third
author, and describe them in categorical terms.
The readers familiar with category theory should omit Section 4, which contains nothing but
an elementary introduction to the theory of algebras over monads, all of which can be found in
[ML2]. We however kindly ask universal-algebraists to read this one-page section carefully—
because that will help them understand the “very unusual algebra” of the next sections.
Section 5 is the next step of preparation to Sections 6 and 7, where we first describe the
relationship between internal precrossed modules and internal reflexive graphs, and then show
that this extends the relationship between semicongruences and clots in universal algebra. This
connection between a construction with roots in homotopy theory and a construction from the
theory of ideals in pure universal algebra is another great surprise. . .
The purpose of Section 8 is to complete the picture and to make further (historical and math-
ematical) remarks, which require familiarity with the previous sections. For simplicity it begins
with the familiar cases of groups and rings.
1. Semi-abelian categories and varieties
Let us recall from [JMT]:
Definition 1.1. A category C with finite limits and finite coproducts is said to be semi-abelian if
it is
(a) Barr exact;
(b) Bourn protomodular;
(c) pointed.
Each of these conditions is very familiar in category theory. However, we would like to make
them familiar also to universal algebraists by making the following remarks:
(a): In what follows, all algebraic categories are supposed to be varieties, and every variety is
a Barr exact category. Hence those readers who are interested in algebraic applications only, do
not need to know about Barr exactness.
(b): Under condition (c), Bourn protomodularity is equivalent to the Split Short Five Lemma
(see below).
(c): In the most general context, a category C is said to be pointed if, for every two objects
A and B in C, there is a distinguished morphism 0 = 0A,B :A → B so that, for all f :X → A
and g :B → Y , we have g0A,Bf = 0X,Y . In a variety, this is equivalent to stating that the one-
element algebra (which is the terminal object) is also initial, that is, every algebra has a unique
one-element subalgebra (which is therefore contained in every subalgebra). In such a case we
call the initial and terminal object a zero object and denote it by 0.
4 Note, however, that in the non-pointed context universal-algebraists considered a situation between semi-abelian and
general protomodular.
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K
κ ′
A′
θ
α′
B
β ′
K
κ
A
α
B
β
(1.1)
in a pointed category C, in which:
• α and α′ are split epimorphisms with β and β ′ being splittings, i.e., αβ = 1 and α′β ′ = 1;
• κ and κ ′ are kernels of α and α′, respectively;
• the diagram reasonably commutes, i.e., θκ ′ = κ , αθ = α′, θβ ′ = β .
(Here κ is said to be the kernel of α if ακ = 0K,B and, for any morphism λ :L → A with
αλ = 0L,B , there is a unique morphism ϕ :L → K such that λ = κϕ.) The Split Short Five
Lemma asserts that, in every such diagram, the morphism θ must be an isomorphism. And as
already mentioned, we have
Theorem 1.2. [JMT] A pointed variety is semi-abelian if and only if it satisfies the Split Short
Five Lemma.
There are various ways to replace the Split Short Five Lemma by weaker assumptions, de-
scribed in [JMT], [BouJ1], and [BouJ2] (in fact, the main ideas here come from D. Bourn
[Bou]). In particular, we could require α and α′ to be regular epimorphisms instead of being
split epimorphisms—which also means that we could remove β and β ′, and then require θ to be
a monomorphism. After that we have:
Theorem 1.3. A pointed variety C is semi-abelian if and only if it is 0-coherent in the sense of
E. Beutler [Be], i.e., for every A in C, every subalgebra A′ of A, and every congruence R in A,
we have:
{
a ∈ A | (0, a) ∈ R} ⊆ A′ implies {a ∈ A | (a′, a) ∈ R} ⊆ A′ for all a′ in A. (1.2)
Proof. Suppose that C is semi-abelian, and take an arbitrary algebra A from C, a subalgebra A′
of A, and a congruence R on A. Denote by ϕ the canonical homomorphism A → A/R, and put
K = Ker(ϕ), B = ϕ(A′), A¯ = ϕ−1(B), ϕ′ = ϕ | A′, ϕ¯ = ϕ | A¯, and denote by θ the inclusion
map A′ → A¯. Assume that K ⊆ A′. Then we have a commutative diagram
K A′
ϕ′
θ
B
K A¯
ϕ¯
B
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Short Five Lemma, θ is an isomorphism, i.e., ϕ−1(ϕ(A′)) = A′, whence C is 0-coherent.
Conversely, suppose that C is 0-coherent, and consider the commutative diagram
K A′
α′
θ
B
K A
α
B
with a monomorphism θ and regular epimorphisms (i.e., surjective homomorphisms) α′, α. De-
note by R the congruence on A induced by α. Then the 0-class K of R is contained in A′, α′ is
just the restriction of α to A′ and, since Im(α) = B = Im(α′), every R-class contains an element
of A′. Thus, by the 0-coherence of C, A = θ(A′) and hence θ is an isomorphism. 
From Theorem 1.3 and [Be, Proposition 2.3], or from the results of [BouJ2]—as mentioned
in [JMT]5—we obtain now:
Theorem 1.4. A pointed variety C is semi-abelian if and only if it is BIT speciale in the sense of
[U2] or classically ideal determined in the sense of [U3], i.e., if it has binary terms t1, . . . , tn, and
an (n+ 1)-ary term t satisfying the identities t (x, t1(x, y), . . . , tn(x, y)) = y and ti (x, x) = 0 for
i = 1, . . . , n.
We can also get Theorem 1.4 directly from [JMT] and then deduce Theorem 1.3 from Theo-
rem 1.4 and [Be, Proposition 2.3].
Example 1.5.
(a) In the classical case of groups we can take n = 1, t1(x, y) = x−1y, and t (x, y) = xy. The
same, but with x\y instead of x−1y, applies to loops.
(b) In Heyting semilattices we can take t1(x, y) = y ⇒ x, t2(x, y) = (((y ⇒ x) ⇒ x) ⇒ y), and
t (u, v,w) = (v ⇒ u) ∧ w. This was recently discovered by P.T. Johnstone [Jo].
2. “Regular” versus “normal”
In this section we point at the correspondence between the notion of 0-regularity in universal
algebra and the condition “regular epi = normal epi” in category theory. Every semi-abelian
variety has these properties (which is well known in both categorical and universal-algebraic
contexts); for further explanations see Section 8.
A morphism α :A → B in a category C is called a regular epimorphism if it is a coequalizer
of a pair of parallel morphisms into A. If one of those two morphisms can be chosen to be zero
(which requires C to be pointed!), then α is called a normal epimorphism. In other words they
are all cokernels. If C is a variety, then:
5 [JMT] refers to [BouJ2] which was already in preparation; however, unlike [BouJ2], it does not refer to [Be], simply
because the author did not know about [Be] when [JMT] was written (note that [JMT] was, in fact, published long before
[BouJ2]).
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correspond to all congruences in the usual way.
• The normal epimorphisms are those surjective homomorphisms whose corresponding con-
gruences are generated by their 0-classes (in the sense that such a congruence is the smallest
one with the same 0-class).
A variety is called 0-regular if every congruence in it is determined by its 0-class (i.e., no differ-
ent congruence has the same 0-class). Therefore we have:
Observation 2.1. A pointed variety is 0-regular if and only if every regular epimorphism in it is
normal.
Such varieties were first studied by K. Fichtner, who originally called them varieties with
ideals and gave various characterizations for them (see [F1] and [F2]). Note that the definition of
0-regularity does not really require pointedness—all we need is to have a specified constant to
be called the zero. This generalization was used already in [U1] and later by other authors, too.
However, the pointed case is very important since Observation 2.1 does not make sense beyond
it. In fact, K. Fichtner worked on this problem as he was a research student of A. Kurosh, who
knew about normal epimorphisms and “bicategory structures” (i.e., factorization systems) at that
time but could not know about regular epimorphisms, whence the aim of Fichtner’s work was to
describe those varieties in which every morphism factors as με, where μ is a monomorphism
and ε is a normal epimorphism.
This problem setting is well inspired by the earlier developments in category theory, starting
from S. Mac Lane [ML1]. Another source of inspiration for Fichtner was the paper [S] (which is
among Fichtner’s references) of J. Słomin´ski on algebras in which congruences are determined
by a constant and a two-variable term. We shall return to this in the next section; at the moment
we just state what we get by combining Observation 2.1 and Fichtner’s results:
Theorem 2.2. The following conditions on a pointed variety C are equivalent:
(a) every regular epimorphism in C is normal;
(b) C has binary terms t1, . . . , tn and (2n + 2)-ary terms u0, . . . , um+1 satisfying the identities
u0(x1, . . . , x2n+2) = x1,
ui
(
x, y,0, . . . ,0, t1(x, y), . . . , tn(x, y)
)
= ui+1
(
x, y, t1(x, y), . . . , tn(x, y),0, . . . ,0
)
(i = 0, . . . ,m),
um+1(x1, . . . , x2n+2) = x2,
ti(x, x) = 0 (i = 1, . . . , n);
(c) C has binary terms t1, . . . , tn and quaternary terms v1, . . . , vn satisfying the identities
v1
(
x, y,0, t1(x, y)
) = x,
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(
x, y, ti(x, y),0
) = vi+1
(
x, y,0, ti+1(x, y)
)
(i = 1, . . . , n − 1),
vn
(
x, y, tn(x, y),0
) = y,
ti(x, x) = 0 (i = 1, . . . , n);
(d) C has binary terms t1, . . . , tn such that, for all A in C and all a, b in A,
(∀i ti(a, b) = 0
) ⇔ a = b.
In fact, 2.2(c), which was obtained in [F2] (and also mentioned in [GU]), is an improved
version of 2.2(b), obtained earlier in [F1]. Notice also that condition (d) is not equational (it
involves “if and only if”) but it is often easier to apply than conditions (b) and (c).
Example 2.3. In the variety of groups, we can take m = n = 1, t1(x, y) = y−1x, u(x, y, t, s) = ys
in 2.2(b), and n = 1, t1(x, y) = y−1x, v(x, y, t, s) = ys in 2.2(c).
Remark 2.4. A further characterization of 0-regular varieties by means of identities was given
by G. Grätzer [G] (who uses the name “weak regularity” for what we call 0-regularity). Grätzer
also notes that the idea of investigating 0-regularity goes back to A. Tarski.
3. Ideals and clots
Groups and Rings are typical “good” non-abelian varieties and, being semi-abelian, they have
“good normal epimorphisms”: these are all surjective homomorphisms, as already mentioned in
Section 2. Normal monomorphisms, however, are very special: as everyone knows, the expression
“normal monomorphism” comes from groups, where it means a monomorphism whose image is
a normal subgroup. One also speaks of normal subobjects, or calls them ideals with the ring case
in mind. Therefore it seems that the only abstract notion of an ideal that category theory might
suggest, is the notion of a normal monomorphism in a pointed category, which is a morphism
that occurs as a kernel (of some morphism in the category).
On the other hand, the ideals in universal algebra introduced in the case of multioperator
groups by P.J. Higgins [H] and in the general case by R. Magari [Mag] and systematically studied
in [U1] and subsequent papers, are, in the general case, not always the same as kernels. Moreover,
an alternative notion of clot was introduced by A. Ursini, which appeared first in a joint paper
with P. Agliano [AU]. When recalling the definitions, let us restrict ourselves to the case of
pointed varieties:
Definition 3.1.
(a) A term t (x1, . . . , xm, y1, . . . , yn) in a pointed variety C is said to be an ideal term in
y1, . . . , yn if t (x1, . . . , xm,0, . . . ,0) = 0 is an identity in C.
(b) A subalgebra6 K of A in C is said to be an ideal in A if
k1, . . . , kn ∈ K implies t (a1, . . . , am, k1, . . . , kn) ∈ K (3.1)
6 Originally, an ideal was not required to be a subalgebra—just a subset. However, in the pointed context only subal-
gebras may satisfy (3.1). A similar remark applies to the notion of clot.
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(c) A subalgebra K of A in C is said to be a clot in A if
t (a1, . . . , am,0, . . . ,0) = 0 and k1, . . . , kn ∈ K imply
t (a1, . . . , am, k1, . . . , kn) ∈ K (3.2)
for every a1, . . . , am, k1, . . . , kn in A and every (m + n)-ary term function t of A.
The general notion of ideal of course agrees with the classical ones: in groups, ideals are the
same as normal subgroups; in loops—normal subloops; in rings or semigroups with 0—ideals in
the usual sense; in Heyting semilattices—filters. The variety of monoids has no non-trivial ideal
term, hence in this variety ideals are the same as submonoids. In particular, some typical ideal
terms t (x, y) are: xyx−1 in groups, (x/y)\x in loops, xy or yx in rings and in semigroups with
zero, (x ∧ y) ⇒ x in Heyting semilattices, x ∨ (y1 ∧ y2) in lattices with a greatest element, etc.
As observed in [AU], a clot is the same as the 0-class of a semicongruence (i.e., of a compat-
ible reflexive relation), and there are obvious inclusions
N(A) ⊆ Cl(A) ⊆ I(A), (3.3)
where N(A),Cl(A), and I(A) denote the sets of normal subalgebras (i.e., normal subobjects),
clots, and ideals, respectively, in an algebra A. Therefore, in a situation where ideals coin-
cide with normal subalgebras, they are also the clots. As shown in [AU], this happens in the
so-called subtractive varieties, that is, in varieties with a binary term s(x, y) which satisfies
s(x, x) = 0 and s(x,0) = x. Later on we will present instances that show that every choice of
equality and proper inclusion in (3.3) is possible. Let us note also that A.I. Mal’cev [Mal] char-
acterized those subalgebras of an algebra (without requiring pointedness) which are congruence
classes, or congruence classes of exactly one congruence.
Notice that in the notion of clot we do not require t to be an ideal term of C, just a term,
therefore this notion depends only on A but not on C. On the other hand, the notion of ideal
depends also on C, not only on the algebra A. For example, the pointed variety of all algebras
with a binary operation and a nullary (constant) term satisfies no non-trivial identity involving
variables, and therefore in every algebra of this variety, every subalgebra is an ideal in this sense.
On the other hand, if we consider a semigroup with zero, then its ideals in the above sense in the
variety of semigroups with zero are just its semigroup ideals.
Let us now use the following notation (partly from [BouJ1], [BorJK], and [Ja]):
• For objects A and K in a pointed category C with finite coproducts and kernels, we write
A 	 K
κA,K
A + K πA,K A (3.4)
for the diagram in which + stands for coproduct, and κA,K is the kernel of the morphism
πA,K = [1,0] induced by the identity morphism of A and the zero morphism from K to A.
• For K = A, we define the conjugation action cA :A 	 A → A as the composite
A 	 A
κA,A
A + A [1,1] A. (3.5)
G. Janelidze et al. / Journal of Algebra 307 (2007) 191–208 199Observation 3.2. Suppose C is a (pointed) variety. Then:
(a) Every element of A + A above can be presented as t (a1, . . . , am, k1, . . . , kn), where t is an
(m+n)-ary term, a1, . . . , am are supposed to be taken from the first copy of A and k1, . . . , kn
from the second one. In other words, t (a1, . . . , am, k1, . . . , kn) is nothing but an abbreviation
of t (ι1(a1), . . . , ι1(am), ι2(k1), . . . , ι2(kn)), where ι1 and ι2 are the coproduct injections from
A to A + A. In this notation, the element t (a1, . . . , am, k1, . . . , kn) belongs to A 	 A if and
only if t (a1, . . . , am,0, . . . ,0) = 0.
(b) In the same notation, the composite (3.5) carries t (a1, . . . , am, k1, . . . , kn) to its value in A.
(c) As follows from (a) and (b), a subalgebra K in A is a clot if and only if it is closed under
conjugation, i.e., if and only if the morphism cA restricts to a morphism A 	 K → K .
As we see from 3.2(c), clots admit a categorical description. This is also true for ideals, for
which we need:
Proposition 3.3. If A is a free algebra in C, then Cl(A) = I(A), i.e., every ideal of a free algebra
in a pointed variety is a clot.
Proof. Let K be an ideal in A, t an (m + n)-ary term t in C, and a1, . . . , am elements in A
with t (a1, . . . , am,0, . . . ,0) = 0. We have to prove that k1, . . . , kn ∈ K implies t (a1, . . . , am, k1,
. . . , kn) ∈ K for every k1, . . . , kn in A. Since A is free, the elements a1, . . . , am can themselves
be considered as terms, say, of variables x1, . . . , xp . We then take n new variables y1, . . . , yn,
none of which is contained in the list x1, . . . , xp , and define a new term u(x1, . . . , xp, y1, . . . , yn)
as t (a1(x1, . . . , xp), . . . , am(x1, . . . , xp), y1, . . . , yn). Then u(x1, . . . , xp, y1, . . . , yn) is an ideal
term in y1, . . . , yn, and so k1, . . . , kn ∈ K implies u(x1, . . . , xp, k1, . . . , kn) ∈ K for every
k1, . . . , kn in A. Since u(x1, . . . , xp, k1, . . . , kn) = t (a1, . . . , am, k1, . . . , kn), this completes the
proof. 
The following statements are straightforward.
Proposition 3.4. Let f :A → B be a regular epimorphism (i.e., surjective homomorphism) in C.
Then:
(a) If K is an ideal in A, then f (K) is an ideal in B .
(b) If L is an ideal in B , then f −1(L) is an ideal in A.
(c) If L is a clot in B , then f −1(L) is a clot in A.
Since every algebra in a variety can be presented as a quotient of a free algebra, from these
two propositions we obtain:
Theorem 3.5. A subalgebra L of an algebra B in a variety C is an ideal in B if and only if there
exists a regular epimorphism f :A → B in C and a clot K in A such that f (K) = L.
4. Adjoint functors and monadicity
In this section we briefly recall some standard material from category theory; all details are
explained in [ML2].
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G : A → X, and natural transformations η : 1X → GF , ε :FG → 1A with (εF )(Fη) = 1F and
(Gε)(ηG) = 1G.
A monad T = (T , η,μ) on X consists of a functor T : X → A, and natural transformations
η : 1X → T , μ :T 2 → T with μ(T η) = 1T = μ(ηT ) and μ(T μ) = μ(μT ).
Every adjunction (F,G,η, ε) : X → A determines its associated monad (T , η,μ) on X with
T = GF , the same η, and μ = GεF .
Conversely, every monad (T , η,μ) on X determines its Eilenberg–Moore adjunction
(F T ,GT ,ηT , εT ) : X → XT , in which:
• XT is the category of T -algebras. We recall that a T -algebra is a pair (X, ξ) in which X is
an object in X and ξ :T (X) → X a morphism making the diagram
T 2(X)
T (ξ)
μX
T (X)
ξ
X
ηX
T (X)
ξ
X
(4.1)
commute.
• GT : XT → X is the forgetful functor, that is, GT (X, ξ) = X.
• FT : X → XT is the free functor; it is defined by FT (X) = (T (X),μX).
• (ηT )X = ηX , and (εT )(X,ξ) : (T (X),μX) → (X, ξ) is the same as μX considered as a mor-
phism in XT from (T (X),μX) to (X, ξ).
If we begin with a monad, take its Eilenberg–Moore adjunction, and then the associated
monad, we obtain nothing but the original monad. However, not every adjunction is the Eilen-
berg–Moore adjunction of its associated monad. Still, any adjunction (F,G,η, ε) : X → A, with
associated monad T , admits a unique comparison functor G′ : A → XT satisfying GT G′ = G
and G′F = FT . Moreover, whenever the category A has coequalizers, the functor G′ has a left
adjoint and hence we obtain a new derived adjunction, which we will denote by (F ′,G′, η′, ε′) :
XT → A. Now we are not going to repeat this process—all we need is to recall one more well-
known definition and a well-known theorem:
Definition 4.1. An adjunction (F,G,η, ε) : X → A (or/and the functor G alone) is said to be
monadic if the comparison functor above is a category equivalence.7
Theorem 4.2 (Beck monadicity theorem, the “reflexive form”). Let (F,G,η, ε) and
(F ′,G′, η′, ε′) be as above. Then:
(a) If G preserves reflexive coequalizers, then η′ is an isomorphism.
(b) Therefore if G reflects isomorphisms and preserves reflexive coequalizers, then it is monadic.
7 Here, and in many other applications of category theory, this is more convenient than to require an isomorphism, as
in [ML2].
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Let us apply the constructions and results of the previous section to the following adjunction
(F,G,η, ε):
• For a fixed pointed category C with finite limits and finite colimits, and an object B in C,
we write (following D. Bourn [Bou]) Pt(B) for the category of points in (C ↓ B). That is,
Pt(B) is the category of triples (A,α,β), where α :A → B and β :B → A are morphisms in
C with αβ = 1. C and Pt(B) will play the roles of X and A, respectively.
• We define G : Pt(B) → C as the kernel functor; that is, G(A,α,β) = Ker(α). Accordingly:
• The left adjoint F of G is to be defined by F(X) = (B + X,πB,X = [1,0], ι1) (using, here
and below, the same notation as in Section 3).
• ηX :X → GF(X) = Ker(πB,X) = B 	 X is the unique morphism with κB,XηX = ι2 : X →
B + X.
• ε(A,α,β) = [β,ker(α)] : (B + Ker(α), [1,0], ι1) → (A,α,β), i.e., it is the morphism induced
by β and the canonical morphism from Ker(α) to A.
If C is a variety, then it is easy to show that the functor G : Pt(B) → C preserves reflexive
coequalizers, and hence we have:
Proposition 5.1. If C is a variety, then the unit η′ of the derived adjunction (F ′,G′, η′, ε′) : CT →
A is an isomorphism.
This was first observed by Z. Janelidze [Z.J1] in the case of monoids. In simple words, it says
that among all split epimorphisms into any fixed object B in a variety C, there are “good” ones
that form a full reflective subcategory canonically equivalent to the category of T -algebras; let us
call them free split epimorphisms. By the definition of a semi-abelian category, we then obtain:
Corollary 5.2. A variety is semi-abelian if and only if every split epimorphism in it is free.
6. Internal precrossed modules and reflexive graphs
The following definition was introduced in [Ja] in the case of a semi-abelian category:
Definition 6.1. An internal precrossed module in a pointed category C with finite limits and finite
colimits is a 4-tuple (B,X, ξ, f ) in which (X, ξ) is a T -algebra (where T is as in Section 5), and
f :X → B a morphism in C making the diagram
B 	 X
ξ
κB,X
B + X
[1,f ]
X
f
B
(6.1)
commute.
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of internal reflexive graphs in C if and only if C is semi-abelian (see [Ja]). However, the same
arguments as in [Ja] also show that we always have an adjunction between them, which extends
the adjunction (F ′,G′, η′, ε′) : CT → A above (for all B in C). Let us write its “relative to B
version” as
(F ′′,G′′, η′′, ε′′) : Precrossed B-Modules → Reflexive B-Graphs, (6.2)
and recall the explicit description of the following part of these data:
• Precrossed B-Modules is the category of all precrossed modules (B,X, ξ, f ) with B fixed;
we will hence write just (X, ξ, f ) instead of (B,X, ξ, f ). This also means that the B-
components of morphisms are identity morphisms.
• Accordingly, Reflexive B-Graphs is the category of 4-tuples (A,α,β, γ ), where α :A → B ,
β :B → A, γ :A → B are morphisms in C with αβ = 1 and γβ = 1.
• The functor G′′ : Reflexive B-Graphs → Precrossed B-Modules is defined by
G′′(A,α,β, γ ) = (Ker(α), ξ, f ), (6.3)
where (Ker(α), ξ) = G′(A,α,β) and f is the restriction of γ on Ker(α). Since the explicit
description of G′ was not given above, let us also mention here that ξ is the unique morphism
making the diagram
B 	 Ker(α)
ξ
κB,Ker(α)
B + Ker(α)
[β,ker(α)]
Ker(α)
ker(α)
A
(6.4)
commute.
From Proposition 5.1 we easily obtain
Proposition 6.2. If C is a variety of universal algebras, then the unit η′′ of the adjunction (6.2) is
an isomorphism. That is, for each object B in a variety C, the functor G′′ induces an equivalence
between the category of B-precrossed modules and a full subcategory of reflexive B-graphs.
7. Clots and semicongruences categorically
According to Observation 3.2(c), the categorical definition of a clot should be:
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in which m :K → B is a monomorphism that admits a morphism ξ making the diagram
B 	 K
ξ
1	m
B 	 B
cB=[1,1]κB,B
K
m
B
(7.1)
commute.
Equivalently, we could rewrite the diagram (7.1) as
B 	 K
κB,K
ξ
B + K
[1,m]
K
m
B,
(7.2)
and since it is the same as the diagram (6.1) with (K,m) instead of (X,f ), we obtain:
Proposition 7.2. The category of precrossed B-modules (X, ξ, f ) in which f is a monomorphism
coincides (if we do not distinguish (X, ξ, f ) from (X,f ) in case ξ is uniquely determined by X
and f ) with the category of clots in B .
An internal reflexive B-graph (A,α,β, γ ) in C is called an (internal) reflexive relation on B
if the morphisms α and β are jointly monic, i.e., if the induced morphism 〈α,β〉 : A → B is a
monomorphism. In the case of universal algebras this notion can be identified with the notion
of reflexive compatible (or homomorphic) relation, also called semicongruence in [AU]; in other
words, an internal reflexive relation on B is (up to isomorphism) nothing but a subalgebra in
B × B containing the diagonal. We can also say that the internal reflexive relations on B are the
same as the reflexive B-subgraphs of (B ×B,pr2,pr1, 〈1,1〉) (note that the second projection is
written first, which turns out to be more convenient).
Assuming in addition the category C to be Barr exact, consider the diagram
Precrossed B-Modules
F ′′
Image
Reflexive B-Graphs
G′′
Image
Clots in B
F ′′′
Inclusion
Reflexive relations on B,
Inclusion
G′′′
(7.3)
where:
• The functors F ′′ and G′′ are as in (6.2).
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(X, ξ, f ) to (K,m), using the (regular epi, mono) factorization
X
f
e
B,
K
m
of f (in the case of algebraic structures it is the usual image factorization). The fact that
(K,m) is indeed a clot can be easily checked using the fact that 1 	 e :B 	 X → B 	 K is a
regular epimorphism.
• The functor G′′′ is induced by the functor G′′. Moreover, it presents the clots in B as exactly
those precrossed B-modules that are obtained from reflexive relations via G′′. In other words,
the functor G′′ carries the subobjects of (B ×B,pr2,pr1, 〈1,1〉) exactly to the subobjects of
G′′(B × B,pr2,pr1, 〈1,1〉) = (B, cB,1B).
• The functor F ′′′ is the left adjoint of G′′′; it can be described as the up-right-down composite.
Observation 7.3. As follows from Proposition 6.2, whenever C is a variety, the unit of the bottom
adjunction in (7.3) is an isomorphism. Of course, both categories involved are preorders, and this
result is the same as Proposition 2.2 in [AU].
8. A simple illustration and some conclusions
Explaining that, say, groups and rings are “better” than monoids, one would probably mention
first of all the following three properties, which we present in terms of a short exact sequence
K
κ
A
α
B (8.1)
(i.e., a diagram as above, where κ is the kernel of α, and α is surjective):
8.1. (K,κ) determines all pairs of elements in A that have the same α-images in B . Namely,
α(a1) = α(a2) ⇔ (a1a−12 is in K (i.e., in the image of κ)) in the case of groups and α(a1) =
α(a2) ⇔ (a1 − a2 is in K) in the case of rings.
8.2. Moreover, one cannot change A without changing K and B , which means that in any
commutative diagram
K
κ ′
A′
θ
α′
B
K
κ
A
α
B
(8.2)
with short exact rows, the morphism θ must be an isomorphism.
G. Janelidze et al. / Journal of Algebra 307 (2007) 191–208 2058.3. K is an “A-subobject” of A in the vague sense that it is closed under actions of the
elements of A. In the case of groups this means that
k ∈ K implies aka−1 ∈ K, (8.3)
and in the case of rings it means that
k ∈ K implies ak, ka ∈ K (8.4)
for every a in A. Most importantly, the converse is also true: every A-subobject of A does occur
as such a (K,κ).
And we can now say that our paper compares the ways universal algebra and category theory
generalize these three properties; let us explain this carefully:
In the language of universal algebra the property 8.1 can be expressed by saying that the
congruences on A are determined by their 0-classes, i.e., that the varieties of groups and rings
are 0-regular; this also easily follows from Theorem 2.2, of course. In the categorical language
the same property can be expressed by saying that regular and normal epimorphisms coincide
(see Section 2) in the cases of groups and rings. For a general semi-abelian category this is proved
in [JMT] (and, in fact, it follows already from the results of D. Bourn [Bou]).
The property 8.2 is (not literally the same, but) logically equivalent to the 0-coherence in uni-
versal algebra, and should be called Regular Short Five Lemma in category theory—in contrast
to the Split Short Five Lemma (because the horizontal right-hand arrows in (8.2) are required
to be regular epimorphisms instead of being split ones). However, in any Barr exact category
the regular and the split forms are equivalent, and hence the property 8.2 is a crucial part of the
definition of semi-abelianness (see Section 1).
Remark 8.4. If regular and normal epimorphisms were not the same, one could also consider
the Normal Short Five Lemma, where horizontal right-hand arrows in (8.2) would be required to
be normal epimorphisms. Unlike the regular and the split one, this form of Short Five Lemma is
self-dual and certainly looks more natural from the viewpoint of what we called the old exactness
axioms. Moreover, it actually appears already in [ML1] under the name extension equivalence
theorem. But unfortunately it is too weak: it holds even in the category of pointed sets, which
is very far from being semi-abelian (although it is co-semi-abelian!); this explains why semi-
abelian categories were not invented in 1950. . . .
The property 8.3 is much less obvious from both the categorical and the universal-algebraic
points of view. First we observe that for both groups and rings (8.3) and (8.4), respectively,
essentially say that K is an ideal in A in the sense of Definition 3.1(b) (i.e., in the sense of
R. Magari [Mag]). Hence 8.3 is essentially the same as the equality
N(A) = I(A), (8.5)
where N(A) and I(A) are as in (3.3). As mentioned in [AU], this equality obviously holds for
pointed sets, and hence, if we want to approach groups and rings, it is to be considered together
with some other conditions. For instance, together with 8.1, i.e., together with 0-regularity, it is
the same as BIT in the sense of [U1] and [U2]; the varieties satisfying this condition are also
called ideal determined (in contrast to classically ideal determined, which means BIT speciale,
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determined varieties is obtained in [GU]:
Theorem 8.5. A variety is ideal determined if and only if it has binary terms t1, . . . , tn and an
(n + 3)-ary term t satisfying the identities
t
(
x, y, y, t1(x, y) . . . , tn(x, y)
) = y,
t (x, y,0, . . . ,0) = 0,
ti(x, x) = 0 (i = 1, . . . , n),
and the implication (t1(x, y) = 0, . . . , tn(x, y) = 0) ⇒ x = y.
The categorical meaning of (8.3) becomes clear in several steps as follows:
• The category of split epimorphisms of groups is equivalent to the category of group actions
on groups, which is one of the first basic observations in the theory of group extensions. This
generalizes to semi-abelian categories (see [BouJ1] and [JMT]), and holds in a variety if and
only if it is semi-abelian, which we reformulated above as Corollary 5.2. In particular, this
produces the notion of object action in a pointed category with finite coproducts and kernels,
first studied in detail in [BorJK]; these actions are hence defined as the T -algebras, where T
is as in Section 5.
• For an arbitrary object A, the A-action corresponding to the split epimorphism
A × A
proj1
A
diagonal
(8.6)
is precisely what was called the conjugation action in Section 3. And, of course, in the
case of groups it corresponds to the usual conjugation action. Note also that, according to
Observation 3.2(c), what we called “A-subobject” in 8.3 is nothing but a clot in A.
• The equivalence between split epimorphisms and actions helps (see [Ja]) to establish the
more complicated equivalence between internal reflexive graphs and internal precrossed
modules. This second equivalence induces a third one, between the internal reflexive re-
lations on A (which are sub-internal reflexive graphs of A × A) and the subobjects of the
corresponding internal precrossed module—which is (A,A, cA,1), where cA denotes the
conjugation action as in (3.5). As soon as the definition of a clot is presented categorically,
the clots are nothing but the subobjects of (A,A, cA,1), and these second and third equiva-
lences are the same as what we have in (7.3) (having in mind that the horizontal adjunctions
in (7.3) are equivalences whenever the ground category is semi-abelian).
• Therefore, categorically, the property 8.3 follows from semi-abelianness, which itself fol-
lows from 8.2—at least for varieties of universal algebras.
An interesting conclusion is that the categorical approach arrives at clots—not at ideals! More-
over, as we can see from the results of [AU], clots are also quite useful from the algebraic point of
view. On the other hand, as we see from our Theorem 3.5, there is no problem to define ideals cat-
egorically: an ideal is nothing but a regular homomorphic image of a clot. If the ground category
is not Barr exact, then “regular” is probably to be replaced with “effective descent.”
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happens to our constructions in the case of monoids:
• Let N be the additive monoid of natural numbers. Consider the “short exact sequence”
0 N × N + N, (8.7)
which involves the very first monoid homomorphism we learn in our life, the addition of
natural numbers. We immediately see that the properties 8.1 and 8.2 fail, which is well
known in both universal algebra and category theory.
• It is easy to see that there are no non-trivial ideal terms for monoids, and hence to see that
every submonoid of any monoid is an ideal. Therefore 8.3 also fails for monoids—if we
use the Magari ideals as A-subobjects. Clots are “a bit better”: at least in a group regarded
as a monoid, clots are the same as normal subgroups, and so they coincide with normal
subobjects—this follows from the fact that the category of groups is closed under all limits
and colimits in the category of monoids. However, if we take, say, a free monoid, its clots
are the same as ideals (see Proposition 3.3), i.e., they are all submonoids, and they are “bad”
again: for instance, N\{1} is a familiar example of a non-normal submonoid in N. Moreover,
if G0 is a group G with a zero element 0 adjoined (i.e., g0 = 0g = 0 for all g in G) consid-
ered as a monoid, then the proper normal submonoids of G0 are just the normal subgroups
of G, the ideals of G0 in our sense are just all submonoids of G0, while the clots of G0 are,
beside the normal subgroups of G, also the normal subgroups with 0 adjoined. This pro-
vides examples in which both inclusions of (3.3) are proper. (Notice that G0 is congruence
permutable, but this fact alone does not ensure that its semicongruences are congruences.)
Finally, we would like to point out that our purpose was to establish and make precise the con-
nection between two areas of investigation in a short article, rather then to give a complete list of
results from both sides and their applications in the other side—for which writing a book would
be more appropriate. Such a book would include a categorical theory of subtractive varieties
(the first step of which has already been made by Z. Janelidze [Z.J2]), the connection between
0-permutability used in [U3] and other papers and star-multiplicative graphs in the sense of [Ja],
and many other things.
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